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Ó ãèïåðïîâåðõíîñòè (n + 1) -ìåðíîãî åâêëèäîâà ïðîñòðàíñòâà â êàæäîé òî÷êå ñóùå-
ñòâóþò n ãëàâíûõ íàïðàâëåíèé  ñîáñòâåííûõ âåêòîðîâ îïåðàòîðà Âåéíãàðòåíà â äàííîé
òî÷êå ãèïåðïîâåðõíîñòè. Àëãîðèòì ïîèñêà ãëàâíûõ íàïðàâëåíèé â ýòîì ñëó÷àå ñâîäèò-
ñÿ ê íàõîæäåíèþ êîðíåé õàðàêòåðèñòè÷åñêîãî ïîëèíîìà n-é ñòåïåíè è ðåøåíèþ ñèñòåì
ëèíåéíûõ óðàâíåíèé. Äëÿ ãèïåðïîâåðõíîñòåé áåñêîíå÷íîìåðíîãî ãèëüáåðòîâà ïðîñòðàí-
ñòâà ýòîò àëãîðèòì íå äåéñòâóåò. Áîëåå òîãî, îïåðàòîð Âåéíãàðòåíà â ýòîì ñëó÷àå ìîæåò
âîîáùå íå èìåòü ñîáñòâåííûõ âåêòîðîâ. Â äàííîé ðàáîòå ê çàäà÷å ïîèñêà ãëàâíûõ íà-
ïðàâëåíèé ãèïåðêâàäðèêè ïàðàáîëè÷åñêîãî òèïà ìû ïîäîøëè ñ äðóãîé ñòîðîíû. Çàäàâ
ëîêàëüíîå ïðåäñòàâëåíèå ïðîèçâîëüíîãî íåíóëåâîãî âåêòîðà, ìû íàõîäèì â ÿâíîì âèäå
òî÷êó íà ïîâåðõíîñòè, â êîòîðîé ýòîò âåêòîð çàäà¼ò ãëàâíîå íàïðàâëåíèå.
Êëþ÷åâûå ñëîâà: ãèëüáåðòîâî ïðîñòðàíñòâî, îïåðàòîð Âåéíãàðòåíà, ãëàâíîå íà-
ïðàâëåíèå ãèïåðêâàäðèêè.
Â êîíå÷íîìåðíîì ñëó÷àå â êàæäîé òî÷êå ãèïåðïîâåðõíîñòè (n + 1)-ìåðíîãî
åâêëèäîâà ïðîñòðàíñòâà ñóùåñòâóþò n ãëàâíûõ íàïðàâëåíèé  ñîáñòâåííûõ âåê-
òîðîâ òåíçîðà Âåéíãàðòåíà â äàííîé òî÷êå ãèïåðïîâåðõíîñòè. Àëãîðèòì ïîèñêà
ãëàâíûõ íàïðàâëåíèé â ýòîì ñëó÷àå èçâåñòåí è ñâîäèòñÿ ê íàõîæäåíèþ êîðíåé õà-
ðàêòåðèñòè÷åñêîãî ïîëèíîìà n-é ñòåïåíè è ðåøåíèþ ñèñòåì ëèíåéíûõ óðàâíåíèé.
Äëÿ ãèïåðïîâåðõíîñòåé áåñêîíå÷íîìåðíîãî ãèëüáåðòîâà ïðîñòðàíñòâà ýòîò àëãî-
ðèòì íå äåéñòâóåò. Áîëåå òîãî, îïåðàòîð Âåéíãàðòåíà â ýòîì ñëó÷àå ìîæåò âîîáùå
íå èìåòü ñîáñòâåííûõ âåêòîðîâ. Â äàííîé ðàáîòå ê çàäà÷å ïîèñêà ãëàâíûõ íà-
ïðàâëåíèé ãèïåðêâàäðèêè ïàðàáîëè÷åñêîãî òèïà ìû ïîäîøëè ñ äðóãîé ñòîðîíû.
Çàäàâ ëîêàëüíîå ïðåäñòàâëåíèå ïðîèçâîëüíîãî íåíóëåâîãî âåêòîðà, ìû íàõîäèì â
ÿâíîì âèäå òî÷êó íà ïîâåðõíîñòè, â êîòîðîé ýòîò âåêòîð çàäà¼ò ãëàâíîå íàïðàâ-
ëåíèå ãèïåðêâàäðèêè. Äëÿ öåíòðàëüíûõ ãèïåðêâàäðèê ãèëüáåðòîâà ïðîñòðàíñòâà,
çàäàâàåìûõ ïîëîæèòåëüíî îïðåäåë¼ííîé êâàäðàòè÷íîé îðìîé ñ íåêîòîðûìè äî-
ïîëíèòåëüíûìè îãðàíè÷åíèÿìè, ïîäîáíàÿ çàäà÷à áûëà ðåøåíà â [1℄.
Ïóñòü H  ïîëíîå åâêëèäîâî, òî åñòü ëèáî êîíå÷íîìåðíîå åâêëèäîâî, ëèáî ãèëü-
áåðòîâî ïðîñòðàíñòâî íàä ïîëåì R ñî ñêàëÿðíûì ïðîèçâåäåíèåì 〈·, ·〉 . H˜ = H ×R
òàêæå áóäåò ïîëíûì åâêëèäîâûì ïðîñòðàíñòâîì ñî ñêàëÿðíûì ïðîèçâåäåíèåì:
〈(x, µ), (y, ν)〉H˜ = 〈x, y〉 + µ · ν, ∀(x, µ), (y, ν) ∈ H˜. (1)
Ïóñòü U ⊂ H  îòêðûòîå ìíîæåñòâî, f : x ∈ U 7→ f(x) ∈ R  óíêöèÿ êëàññà C2
(ïî Ôðåøå) [2℄, Σ ⊂ H˜  ãèïåðïîâåðõíîñòü â H˜ , çàäàâàåìàÿ ÿâíûì óðàâíåíèåì
µ = f(x) èëè ïàðàìåòðè÷åñêè:
F : x ∈ U 7→ F (x) = (x, f(x)) ∈ H˜. (2)
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Ñòðóêòóðà ìíîãîîáðàçèÿ êëàññà C2 [3℄ íà Σ çàäà¼òñÿ ãëîáàëüíîé êàðòîé c0 =
= (Σ, pr, H) , ãäå pr : (x, f(x)) ∈ Σ 7→ x ∈ U ⊂ H . Ïðè ýòîì Σ  ïîäìíîãîîáðàçèå â
H˜ . Ìåòðè÷åñêèé òåíçîð ïîâåðõíîñòè Σ â êàðòå c0 èìååò ëîêàëüíîå ïðåäñòàâëåíèå:
gx(X,Y ) = 〈X,Y 〉+Dfx(X) · Dfx(Y ), ∀x ∈ U, ∀X,Y ∈ H, (3)
ãäå Dfx ∈ L(H,R) = H
∗
 ïðîèçâîäíàÿ Ôðåøå â òî÷êå x îòîáðàæåíèÿ f (ãðàäèåíò
óíêöèè f ). Äëÿ ëþáîãî x ∈ U ïóñòü Fx ∈ H  âåêòîð (êîíòðàâàðèàíòíûé ãðàäè-
åíò óíêöèè f ), ñóùåñòâóþùèé, åäèíñòâåííûé (ñì. [2, ñ. 142℄) è óäîâëåòâîðÿþùèé
òîæäåñòâó:
Dfx(Z) = 〈Fx, Z〉, ∀Z ∈ H. (4)





à ëîêàëüíîå ïðåäñòàâëåíèå îòíîñèòåëüíî êàðòû c0 îïåðàòîðà Âåéíãàðòåíà Ax â
òî÷êå F (x) ∈ Σ [4℄ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ
DFx ◦Ax = −Dnx (6)












2 + 1)−Fx · 〈Fx,DFx(Z)〉
]
. (7)
ëàâíûå íàïðàâëåíèÿ ïîâåðõíîñòè Σ â òî÷êå F (x) (òî÷íåå, ëîêàëüíûå ïðåä-
ñòàâëåíèÿ ãëàâíûõ íàïðàâëåíèé â êàðòå c0 )  ýòî ñîáñòâåííûå âåêòîðû îïåðàòîðà
Âåéíãàðòåíà Ax . Îïåðàòîð Ax ñàìîñîïðÿæ¼í îòíîñèòåëüíî ìåòðè÷åñêîãî òåíçîðà
gx (3), ïîýòîìó åãî ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåêòîðû âåùåñòâåííû.
Â äàëüíåéøåì ìû áóäåì ðàññìàòðèâàòü ÷àñòíûé ñëó÷àé ãèïåðïîâåðõíîñòè Σ 




〈x, Sx〉, ∀x ∈ U = H, (8)
ãäå S ∈ L(H ;H)  ñàìîñîïðÿæ¼ííûé ëèíåéíûé íåïðåðûâíûé îïåðàòîð â H . Ìû
áóäåì òàêæå â äàëüíåéøåì ïðåäïîëàãàòü, ÷òî îïåðàòîð S èíúåêòèâåí, ÷òî íå îãðà-
íè÷èâàåò îáùíîñòè ðåøàåìûõ â äàëüíåéøåì çàäà÷. Òîãäà èìååì:





S(Z) · (‖Sx‖2 + 1)− Sx · 〈Sx, SZ〉
]
, (10)
gx(X,Y ) = 〈X,Y 〉+ 〈X,Sx〉 · 〈Y, Sx〉. (11)
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Èìååò ìåñòî ñëåäóþùåå
Ïðåäëîæåíèå.
1. Ñîáñòâåííûå âåêòîðû (òî÷íåå, èõ ëîêàëüíûå ïðåäñòàâëåíèÿ îòíîñèòåëüíî





〈x, Sx〉, x ∈ H,
ãäå S : x ∈ H 7→ Sx ∈ H  ëèíåéíûé íåïðåðûâíûé ñàìîñîïðÿæåííûé èíúåêòèâíûé
îïåðàòîð, ëåæàò â ImS .
2. Ïóñòü Z = SY ∈ ImS  ïðîèçâîëüíûé íåíóëåâîé âåêòîð, òîãäà:
a) åñëè Z  ñîáñòâåííûé âåêòîð îïåðàòîðà S , ñîîòâåòñòâóþùèé ñîáñòâåí-
íîìó çíà÷åíèþ σ , òî Z áóäåò ñîáñòâåííûì âåêòîðîì îïåðàòîðà Âåéíãàðòåíà
Ax , ñîîòâåòñòâóþùèì ñîáñòâåííîìó çíà÷åíèþ αx = σ · (‖Sx‖
2 + 1)−1/2 , âî âñåõ
òî÷êàõ x ∈ H , óäîâëåòâîðÿþùèõ óñëîâèþ: a1) 〈x, Z〉 = 0 èëè a2) x ‖ Z , è òîëüêî
â íèõ;
b) åñëè Z íå ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì îïåðàòîðà S è
〈SZ,Z〉 = 0, (12)
òî âåêòîð Z íå ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì îïåðàòîðà Âåéíãàðòåíà Ax íè
â êàêîé òî÷êå x ∈ H . Âåðíî è îáðàòíîå: âåêòîð Z , íå ÿâëÿþùèéñÿ ñîáñòâåí-
íûì âåêòîðîì îïåðàòîðà Âåéíãàðòåíà Ax íè â êàêîé òî÷êå x ∈ H , íå ÿâëÿåòñÿ
ñîáñòâåííûì âåêòîðîì îïåðàòîðà S , è âûïîëíÿåòñÿ ðàâåíñòâî (12);
) Åñëè Z = SY íå ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì îïåðàòîðà S è
〈Y, S3Y 〉 = 〈SZ,Z〉 6= 0, (13)
òî âåêòîð Z áóäåò ñîáñòâåííûì âåêòîðîì îïåðàòîðà Âåéíãàðòåíà Ax âî âñåõ
òî÷êàõ êðèâîé












· SY, t ∈ R\{0}, (14)






















Ñîáñòâåííîå çíà÷åíèå αx(t) , ñîîòâåòñòâóþùåå ñîáñòâåííîìó âåêòîðó Z îïåðà-













Â ÷àñòíîñòè, åñëè îïåðàòîð S íå èìååò ñîáñòâåííûõ âåêòîðîâ, òî ó ïàðàáî-
ëîèäà Σ â âåðøèíå 0 ∈ H˜ íåò ãëàâíûõ íàïðàâëåíèé.
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Äîêàçàòåëüñòâî. Ñîáñòâåííûå âåêòîðû îïåðàòîðà Âåéíãàðòåíà Ax ñîâïàäà-
þò ñ ñîáñòâåííûìè âåêòîðàìè îïåðàòîðà
Bx(Z) = (‖Sx‖




à ñîáñòâåííûå çíà÷åíèÿ åñòü
βx = (‖Sx‖
2 + 1)1/2 · αx. (17)
Ó îïåðàòîðà Bx íåò íóëåâûõ ñîáñòâåííûõ çíà÷åíèé, òàê êàê â ïðîòèâíîì ñëó÷àå ýòî
ïðèâåëî áû ê òîìó, ÷òî è ó S åñòü íóëåâîå ñîáñòâåííîå çíà÷åíèå, ÷òî ïðîòèâîðå÷èëî
áû èíúåêòèâíîñòè îïåðàòîðà S . Åñëè Z ∈ H  ñîáñòâåííûé âåêòîð îïåðàòîðà Bx ,
ñîîòâåòñòâóþùèé ñîáñòâåííîìó çíà÷åíèþ βx 6= 0 , òî èç (16) ñëåäóåò, ÷òî Z ∈ ImS ,
òî åñòü ñîáñòâåííûé âåêòîð èìååò âèä Z = SY . Òîãäà ñ ó÷¼òîì èíúåêòèâíîñòè
îïåðàòîðà S èç (16) ïîëó÷èì:




ãäå βx  ñîáñòâåííîå çíà÷åíèå îïåðàòîðà Bx , ñîîòâåòñòâóþùåå ñîáñòâåííîìó âåê-
òîðó Z = SY . Èç (18), óìíîæàÿ îáå ÷àñòè óðàâíåíèÿ ñêàëÿðíî íà S2x , ïîëó÷èì:
βx〈S




Òåïåðü âîçìîæíû ñëåäóþùèå ñëó÷àè:
A) 〈S2x, Y 〉 = 0 , 〈Sx, S2Y 〉 = 0 .
Òîãäà èç (18) ñëåäóåò, ÷òî Y  ñîáñòâåííûé âåêòîð îïåðàòîðà S . Íî òîãäà è Z =
= SY  ñîáñòâåííûé âåêòîð îïåðàòîðà S , ñîîòâåòñòâóþùèé òîìó æå ñîáñòâåííîìó
çíà÷åíèþ βx . Êðîìå òîãî, ïðåäïîëîæåíèå A) âëå÷¼ò òî, ÷òî Z ⊥ x îòíîñèòåëüíî
〈·, ·〉 . Âåðíî è îáðàòíîå, åñëè Z  ñîáñòâåííûé âåêòîð îïåðàòîðà S , òî âî âñÿêîé òî÷-
êå x ∈ H , óäîâëåòâîðÿþùåé óñëîâèþ 〈x, Z〉 = 0 , âåêòîð Z ÿâëÿåòñÿ ñîáñòâåííûì
âåêòîðîì è îïåðàòîðà Bx . Òåì ñàìûì äîêàçàíî óòâåðæäåíèå a1) ïðåäëîæåíèÿ.
B) 〈S2x, Y 〉 6= 0 , 〈Sx, S2Y 〉 6= 0 .
Òîãäà èç (19) èìååì:
βx =
〈Sx, S2Y 〉
〈S2x, Y 〉(‖Sx‖2 + 1)
. (20)







· Y . (21)
Âîçìîæíû äâà ñëó÷àÿ:
B1) Âåêòîð Y , à ñëåäîâàòåëüíî, è Z = SY ,  ñîáñòâåííûå âåêòîðû îïåðàòîðà
S . Òîãäà x ‖ Z , x 6= 0 . Âåðíî è îáðàòíîå: åñëè Z  ñîáñòâåííûé âåêòîð îïåðàòîðà
S , òî â ëþáîé òî÷êå x ∈ H , óäîâëåòâîðÿþùåé óñëîâèÿì x ‖ Z , x 6= 0 , âåêòîð Z 
ñîáñòâåííûé âåêòîð è îïåðàòîðà Bx . Òåì ñàìûì äîêàçàí ñëó÷àé a2) ïðåäëîæåíèÿ.
B2) Âåêòîð Y , à ñëåäîâàòåëüíî, è Z = SY , íå ÿâëÿþòñÿ ñîáñòâåííûìè âåêòî-
ðàìè îïåðàòîðà S . Òîãäà â (21) âåêòîðû Y è SY ëèíåéíî íåçàâèñèìû, à
x = aY + bSY. (22)
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‖SY ‖2 + 〈Sx, SY 〉2
· 〈Sx, SY 〉. (23)
Ïîäñòàâëÿÿ (23) â (21), ïîëó÷èì:
〈SY, S2Y 〉〈Sx, SY 〉 · x+ 〈SY, S2Y 〉 · Y − (‖SY ‖2 + 〈Sx, SY 〉2) · SY = 0. (24)
Ïîäñòàâëÿÿ (22) â (24), ïîëó÷èì:
〈SY, S2Y 〉(a‖SY ‖2 + b〈S2Y, SY 〉) · (aY + bSY )+
〈SY, S2Y 〉 · Y − (‖SY ‖2 + (a‖SY ‖2 + b〈S2Y, SY 〉)2) · SY = 0. (25)
Ïðè ýòîì
〈SY, S2Y 〉 6= 0, (26)
òàê êàê â ïðîòèâíîì ñëó÷àå èç (24) ñëåäóåò ðàâåíñòâî SY = 0 , ÷òî íåâîçìîæíî.
Òåì ñàìûì äîêàçàíà äîñòàòî÷íîñòü óòâåðæäåíèÿ b) ïðåäëîæåíèÿ. Òàê êàê â ðàñ-
ñìàòðèâàåìîì ñëó÷àå Y è SY ëèíåéíî íåçàâèñèìû, òî èç (25), ïðèðàâíèâàÿ íóëþ
êîýèöèåíòû ïðè Y è SY , ïîëó÷èì:

















(1 + t2)‖SY ‖
t〈SY, S2Y 〉
· SY
, t ∈ R\{0}, (28)
ïðè ïîäñòàíîâêå â (22) äà¼ò (14).
Âåðíî è îáðàòíîå: â òî÷êàõ êðèâîé (14) ïðè âûïîëíåíèè óñëîâèÿ (26) âåêòîð
Z = SY ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì îïåðàòîðà Âåéíãàðòåíà, ÷òî ïðîâåðÿåòñÿ
íåïîñðåäñòâåííîé ïîäñòàíîâêîé (14) â (18). Òåì ñàìûì äîêàçàíî óòâåðæäåíèå )
ïðåäëîæåíèÿ. Èç a) è ) ñëåäóåò íåîáõîäèìîñòü óñëîâèÿ b). Âûðàæåíèå (15) äëÿ
ñîáñòâåííîãî çíà÷åíèÿ αx(t) = (‖Sx‖
2+1)−1/2 ·βx(t) , ñîîòâåòñòâóþùåãî ñîáñòâåííî-
ìó âåêòîðó îïåðàòîðà Âåéíãàðòåíà â òî÷êå x(t) , ïîëó÷àåòñÿ ïðè ïîäñòàíîâêå (14)
â (20).
Summary
V.E. Fomin. Prinipal Diretions of Hyperquadri of Paraboli Type in Hilbert Spae.
In the nite dimensional ase, a hypersurfae Σ in (n+1) -dimensional Eulidean spae has
n prinipal diretions: the eigenvetors of the Weingarten operator at a given point of Σ . The
algorithm for nding the prinipal diretions is well known for this ase: one needs to nd the
roots of the harateristi polynomial n-th degree and to solve a system of linear equations.
For the hypersurfaes of the innite dimensional Hilbert spae this algorithm fails. Moreover,
it is possible that the Weingarten operator has no eigenvalues at all. In the present paper,
we use another approah to the problem of nding prinipal diretions of a hyperquadri of
paraboli type. Given a loal representation of an arbitrary nonzero vetor, we expliitly nd
a point of the surfae at whih this vetor has a prinipal diretion.
Key words: Hilbert spae, Weingarten operator, prinipal diretion of hyperquadri.
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